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Abstract

An efficient classification algorithm based on the cubic least squares mapping (LSM3) and the probabilistic neural

network (PNN) classifier is proposed for assessing the carotid plaque�s risk of causing brain infarcts. Ultrasound images
of 24 high-risk and 32 low-risk carotid plaques were manually segmented by an experienced physician using a custom

developed software. Three textural features, related to the plaque�s internal composition, the PNN, and the PNN–

LSM3 classification algorithms were used to design a classification system. PNN classification accuracy was 92.9%,

misdiagnosing one high-risk and three low-risk plaques while the PNN–LSM3 managed to classify all plaques correctly.

The proposed system may be of value to patient management as a second opinion tool, after it is tested on more data in

a clinical environment.

� 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Atherosclerotic carotid plaque composition,

structure, and stenosis are important factors in

assessing the risk factor for stroke in both symp-
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tomatic and asymptomatic patients (El-Barghouty
et al., 1996). The method mostly used in non-in-

vasively examining the carotid plaque is ultra-

sound (US), which, however, involves the

subjective evaluation of US images by the physi-

cian and, thus, it depends upon the experience of

the operator (Hatsukami et al., 1994; Rakebrandt

et al., 2000).

Objective methods for estimating the risk as-
sociated with carotid plaque mainly concern eval-

uation of the gray-scale median value (GSM) from
ed.
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Fig. 1. Interface of the custom-made software system designed

to read US images, segment by manual interaction carotid

plaque-lesions, and extract specific features.
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the US images (Biasi et al., 1999; Tegos et al.,

2001a,b; Cheng et al., 2002; Denzel et al., 2003).

GSM is a parameter that evaluates carotid plaque

echogenicity. Low GSM refers to echolucent type

of carotid plaques, due to their low echo levels,

and high GSM concerns echogenic carotid pla-
ques, due to higher echo levels. Echolucent plaques

consist mainly of high lipid or haemorrhagic con-

tent while echodense contain fibrous and calcified

tissue. It has been found that patients with low

GSM (<50) have a higher risk of suffering a brain

stroke (Biasi et al., 1999) than patients with higher

GSM. Recent studies have employed computer

processing to calculate textural features from the
carotid plaque�s US image and have applied sta-

tistical methods (Hatsukami et al., 1994; Noritomi

et al., 1997; Montauban van Swijndregt et al.,

1998; Wilhjelm et al., 1998; Zhang et al., 1998;

Arnold et al., 2001) for assessing the carotid risk

factor. Textural features comprised GSM and

features emanating from the run-length and/or co-

occurrence matrices (Wilhjelm et al., 1998; Arnold
et al., 2001). Other features used were (i) the degree

of stenosis, (ii) the echogenicity area index, and

(iii) the plaque�s surface structure (Pedro et al.,

2002). However, to our knowledge, more ad-

vanced computer-aided methods, such as pattern

recognition, have not been applied to the solution

of this problem.

The contribution of the present study was

(1) to design and implement a computer-based

image analysis system, using pattern recogni-

tion methods, for selecting, processing, and

classifying US carotid plaque images as

high- or low-risk of causing brain damage.

Classification was based on textural fea-

tures derived from the carotid plaque�s US
image;

(2) to develop a new efficient classification al-

gorithm, by exploiting the power and speed

of the probabilistic neural networks (PNN)

and the capabilities for dimensionality re-

duction and class separation of the cubic least

squares mapping (LSM3) technique. The

power of the proposed algorithm (PNN–
LSM3) was compared with that of the classi-

cal PNN.
2. Material and methods

2.1. Data acquisition

Fifty-six patients with various degrees of ca-
rotid stenosis were examined on an HDI-3000

ATL digital ultrasound system by the same expe-

rienced physician (ND). The scanning protocol

was kept fixed (El-Barghouty et al., 1996) to pro-

vide for uniformity in data acquisition. All pa-

tients were examined in the supine position

employing anterior, lateral, and posterior longi-

tudinal scans. Thirty-eight patients were asymp-
tomatic and the rest 18 were symptomatic (6

strokes, 2 global symptoms, 10 transient ischaemic

attacks). Brain infractions were found on CT in six

symptomatic and in eight non-symptomatic pa-

tients. Employing a custom developed software

system, designed in C++ for the purposes of the

present study, each US image was digitized by

connecting the US scanner�s video output to a
frame grabber using 512 · 512 · 8 image resolu-

tion. The same software was used by the physician

for outlining the boundary of each carotid plaque

(see Fig. 1), for the automatic computation of all

carotid plaque features, and for the classification

of the carotid plaque type. Data processing was

performed on a Pentium IV, 2.4 GHz computer.
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In determining a golden standard for sub-

sequent processing, the plaques were separated

into two groups: 32 were characterized as low-risk

and 24 as high-risk of causing brain infarcts.

Factors considered for this categorization were (1)

the presence of previous symptoms, (2) the degree
of stenosis as assessed on US, (3) the gray-scale

median (GSM>50 for echogenic plaques and

GSM 6 50 for echolucent plaques following an

US scanning protocol as close as possible to that

suggested by Biasi et al. (1999), (4) the physician�s
subjective assessment during US scanning regard-

ing the type of plaque surface (smooth or ulcer-

ated) and the plaque�s internal structure; plaques
predominantly echolucent with a thin echogenic

cap or intermediate echolucent lesions with small

areas of echogenicity were classified as echolucent

and of high-risk and plaques with intermediate

echogenic lesions with small areas of echolucency

or uniformly echogenic lesions were classified as

echogenic and of low-risk, and (5) the final clinical

outcome.

2.2. Feature generation

From each ultrasound carotid plaque image,

features evaluating the gray-level distribution were

extracted by means of first- and second-order

statistics. The first-order statistics were derived

from the ultrasound image gray-level distribution
(histogram) and they comprised the mean, stan-

dard deviation, skewness, and kurtosis. Regarding

the second-order statistics, 12 features were com-

puted from the co-occurrence matrix (Haralick

et al., 1973), using one pixel step length, and five

from the run-length matrix (Galloway, 1975).

Each second-order statistic feature was repre-

sented by two values, the mean and range over the
0�, 45�, 90� and 135� co-occurrence and run-length
matrices, to ensure rotation independence. Fea-

tures calculated from the co-occurrence matrix

evaluate properties of image gray-level distribu-

tion, such as homogeneity, contrast, gray-level

local variation, linear-dependencies, lack of order

etc. Similarly, run-length features evaluate the

distribution of small (short runs) or large (long
runs) structures within the area of interest. In this

way, 38 features were calculated for each carotid
plaque image, 4 from the image histogram, 24

from the co-occurrence and 10 from the run-length

matrices (in fact 12 features and 5 features, re-

spectively) each being represented by two values,

the mean and range (Haralick et al., 1973; Gallo-

way, 1975). An additional feature was also calcu-
lated from each plaque image, the ratio of

echodense to echolucent (D/L) plaque content.

Each plaque image was processed by characteriz-

ing each pixel as echodense or echolucent de-

pending on its gray-level proximity to preset values

of 113 and 40, respectively. These values were the

gray-level averages of a large sample of dense and

lucent US carotid plaque lesions, which had been
interactively selected by the physician.

All 39 features were normalized to zero mean

and unit standard deviation (Theodoridis and

Koutroumbas, 1999), according to relation

~xxi ¼
xi � l

r
; ð1Þ

where xi and ~xxi are the ith feature values of pattern
vector x before and after the normalization, re-
spectively, and l and r are the mean value and

standard deviation, respectively of feature i over
all plaques (both high- and low-risk).

2.3. Design of the cubic least squares mapping–

probabilistic neural network (PNN–LSM3) classi-

fier

Fig. 2 shows the structure of the PNN–LSM3.

From each carotid plaque-image a number of

optimum features (e.g. 4 features) are computed

and are presented into the input of the classifier.

The cubic least squares mapping (LSM3) trans-

forms the feature space into the decision space,

reducing dimensionality to the number of classes.

The LSM3 procedure has two steps.
In the ‘‘cubic’’ step, the pattern vectors are

augmented with second and third degree elements.

Let x ¼ ½ x1 x2 � � � xd � be a pattern vector,

where d is the input space dimensionality. The

latter is augmented by the following elements: (1)

Quadratic terms: x2i , xixj, where i; j ¼ 1; 2; . . . ; d
and i 6¼ j. (2) Cubic terms: x3i , x2i xj, xix2j , xixjxk,
where i; j; k ¼ 1; 2; . . . ; d and i 6¼ j 6¼ k. By adding
the quadratic and cubic terms, as well a constant
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Fig. 2. Schematic diagram of the PNN–LSM3 classifier.
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term (of zeroth degree), the augmented pattern

vectors dimensionality (Theodoridis and Kou-

troumbas, 1999) is equal to

d̂d ¼ ðd þ 3Þ!
3!d!

: ð2Þ

Of course, higher degree elements could have
been defined, however, cubic we found to be a

trade-off between the limited discriminating capa-

bilities of first and second degree hyper-surfaces

(hyper-planes, -ellipsoids, -paraboloids, -hyperbo-

loids) and the computational requirements (Kec-

man, 2001; Theodoridis and Koutroumbas, 1999).

Another significant reason was that high-degree

surfaces often lead to over-fitting conditions.
Following the cubic step, the LSM step (Ahmed

and Rao, 1975) follows. In LSM, the augmented

patterns are transformed from the augmented

feature space to the decision space, where the

members of each class are clustered around se-
lected points, such that the mapping error is min-

imized, making the classes more separable. The

transformation matrix M , which is used for the

mapping in to the decision space, is calculated to

minimize the total mean-square error between the

data and the arbitrary pre-selected class-points in

the decision space.

The decision space error for a single augmented
pattern vector i of class k is given by

ei ¼ Mx̂xki � C k; ð3Þ

where

M ¼

m11 m12 � � � m1 d̂d

m21 m22 � � � m2 d̂d

..

. ..
. . .

. ..
.

mNc1 mNc2 � � � mNc d̂d

2
6664

3
7775

is the mapping matrix, Nc is the number of classes,

d̂d is the augmented feature space dimensionality,
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x̂xki is the ith augmented pattern vector of class k,
and C k is the decision space point where the pat-

terns of class k are to be clustered.

Considering equal a priori probabilities for each

class k, the total mean-square error for the whole
training set is given by

e ¼
XNc

k¼1

1

Nk

XNK

i¼1
ðMx̂xki

 
� C kÞTðMx̂xki � C kÞ

!
;

ð4Þ
where Nk is the number of patterns of class k.

To minimize the mean-square error e, the

mapping matrix M can be calculated solving the

equation

rMe �

oe
om11

oe
om12

� � � oe
om1 d̂d

oe
om21

oe
om22

� � � oe
om2 d̂d

..

. ..
. . .

. ..
.

oe
omNc1

oe
omNc2

� � � oe
omNc d̂d

2
6666666664

3
7777777775
¼ 0: ð5Þ

By substituting Eq. (4) to Eq. (5)

rM

XNc

k¼1

1

Nk

XNK

i¼1
Mx̂xki


 "
�C k

�T
ðMx̂xki�C kÞ

!#
¼ 0

ð6Þ
or

XNc

k¼1

1

Nk

XNK

i¼1
rMðx̂xTkiM

TMx̂xkiÞ
h 

� 2rMðx̂xTkiMTC kÞ þ rMðCT
kC kÞ

i!
¼ 0: ð7Þ

Basic matrix operations give

rMðx̂xTkiMTMx̂xkiÞ ¼ 2Mðx̂xkix̂x
T
kiÞ; ð8Þ

rMðx̂xTkiMTC kÞ ¼ C kx̂x
T
ki; ð9Þ

rMðCT
kC kÞ ¼ 0: ð10Þ

By substituting Eqs. (8)–(10) to Eq. (7)

XNc

k¼1

1

Nk

XNK

i¼1
½2Mðx̂xkix̂x

T
kiÞ

 
� 2C kx̂x

T
ki�
!

¼ 0 ð11Þ
or

M
XNc

k¼1

1

Nk

XNK

i¼1
x̂xkix̂x

T
ki

 !
�
XNc

k¼1

1

Nk

XNK

i¼1
C kx̂x

T
ki

 !
¼ 0:

ð12Þ

Solving Eq. (12) matrix M is obtained:

M ¼
XNc

k¼1

1

Nk

XNK

i¼1
C kx̂x

T
ki

 !" # XNc

k¼1

1

Nk

XNK

i¼1
x̂xkix̂x

T
ki

 !" #�1
:

ð13Þ

The dimensions of mapping matrix M are

Nc � d̂d.
Pattern vectors x̂xki may now be transformed

from the augmented feature space (of dimension-
ality d̂d) to the decision space (of dimensionality

equal to the number of classes, Nc) by the trans-

formation

x̂xki 7!Mx̂xki: ð14Þ

Transformations for increasing classification

accuracy are also employed by other recently de-
veloped algorithms, such the support vector ma-

chines classifier (Kecman, 2001). In the present

work, the transformed patterns in (14) are then fed

into the PNN classifier.

The PNN (Specht, 1990) are implemented by a

feed-forward and one-pass structure and encap-

sulate the Bayes� decision rule together with the

use of Parzen estimators of data�s probability
distribution function. The discriminant function of

a PNN classifier for class k is given by the fol-

lowing equation:

gkðxÞ ¼
1

ð2pÞd=2rdNk

�
XNK

i¼1
exp

 
� ðx� xkiÞTðx� xkiÞ

2r2

!
; ð15Þ

where r is a smoothing parameter.

Following the LSM3 step, in Eq. (15) the pat-

tern vectors x and xki must be substituted by the

cubic-augmented and least-squares-mapped vec-
tors Mx̂x and Mx̂xki correspondingly (transforma-

tion (14)). In addition, because the dimensionality

of LSM3 vectors is equal to the number of classes



Table 1

Best classification accuracy achieved by the PNN classifier

employing the ratio dense/lucent pixels, the correlation, and the

short run-length emphasis best feature combination

PNN High-risk

(echolucent)

Low-risk

(echodense)

Accuracy

(%)

High-risk

(echolucent)

23 1 95.8

Low-risk

(echodense)

3 29 90.6

Overall accuracy 92.9
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ðNcÞ, d must be substituted by Nc. Thus, the dis-

criminant function of the PNN–LSM3 classifier for

class k is given by

gkðxÞ¼
1

ð2pÞNc=2rNcNk

�
XNK

i¼1
exp

 
�ðMx̂x�Mx̂xkiÞTðMx̂x�Mx̂xkiÞ

2r2

!
:

ð16Þ

The test pattern x is classified to the class with

the larger discriminant function value.

2.4. System design

System design requires the determination of the

best features-combination for achieving highest

classification accuracy. Ideally, all textural features

should be employed in the design of the classifiers,

but, since a number of them may be redundant due

to high mutual correlation (Theodoridis and
Koutroumbas, 1999) and in order to reduce com-

putational complexity, an optimum number of

them had to be selected so as to achieve highest

classification accuracy with the least number of

features. One method is the exhaustive (Theodo-

ridis and Koutroumbas, 1999) which involves de-

signing each classifier by means of every possible

feature combination (i.e. 2, 3, 4 etc. feature com-
binations), each time testing the classifier�s per-

formance and finally selecting that feature

combination that demonstrates the highest classi-

fication accuracy with the smallest number of

features. However, considering the large number

of possible combinations of the 39 textural fea-

tures, the exhaustive method proved too time

consuming to be adopted, thus a compromise be-
tween accuracy and computational speed had to be

reached. Each one of the 39 features was tested by

employing the Student�s t-test; only 14 features

with the highest class discrimination power

(p < 0:001) were selected and by applying the ex-

haustive search method on them, optimum design

parameters of the classifiers were determined

(highest precision with smallest number of fea-
tures). These optimal features were then employed

in the final design of the classifiers.
2.5. System performance evaluation

System evaluation was performed by means of

the leave-one-out (LOO) method (Theodoridis and

Koutroumbas, 1999). Each classifier was designed
by all but one carotid plaque US image, which was

then classified. The process was repeated, each

time leaving a different plaque-image out, until

all data have been processed. In this way, each

classifier was evaluated by data that were not

involved in its design. It is evident, however, that

the classifiers had to be re-designed each time a

plaque-image was left out (i.e. application of the
exhaustive method to search for optimum fea-

tures). This huge workload required few hours of

processing time. In the end, the best operating

parameters were determined for each classifier.
3. Results and discussion

Table 1 shows the classification accuracy

achieved by the PNN classifier in discriminating

high-risk from low-risk plaques, using three tex-

tural features and employing the LOO method.

The classifier distinguished correctly 23 high-risk

plaques and incorrectly assigned one plaque to the

low-risk group, thus giving a 95.8% precision in

characterizing plaques with high-risk of causing
embolization. In the case of the low-risk carotid

plaques, 29 were assigned to the correct class while

only three was wrongly classified to the high-risk

group, scoring a 90.6% group discrimination ac-

curacy. Overall, the PNN achieved 92.9% preci-

sion in distinguishing correctly the low-risk from
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Table 2

Best classification accuracy achieved by the PNN–LSM3 clas-

sifier employing the ratio dense/lucent pixels, the correlation,

and the short run-length emphasis best feature combination

PNN–LSM3 High-risk

(echolucent)

Low-risk

(echodense)

Accuracy

(%)

High-risk

(echolucent)

24 0 100

Low-risk

(echodense)

0 32 100

Overall accuracy 100
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the high-risk carotid plaques. This is the highest

classification achieved by the PNN with the mini-

mum number of textural features and with the best

tuning of parameters r ¼ 0:25 (see relation (16)),

determined by trial and error. Fig. 3 is a three

dimensional scatter diagram of the three textural
features and the decision surface drawn by the

PNN classifier. The non-linear nature of the deci-

sion boundary could not separate all data since

three echogenic ‘‘low-risk’’ plaques and one

echolucent ‘‘high-risk’’ plaque were situated well

within the opposite regions. As shown in Fig. 4,

the classification accuracy of the PNN varied with

the number of features scoring a low of 83.9% for
one feature, 91.1% for two features, and reaching a

maximum of 92.9% for three features. Thereafter,

the classification accuracy of the PNN stabilised

for up to 5-feature combinations.

The performance of the PNN–LSM3 classifier

is shown in Table 2 and in Figs. 4 and 5. As it can

be observed from Fig. 4, the classification accu-

racy of the PNN–LSM3 employing LOO increases
with the number of features, reaching highest

precision of 94.6%, 96.4%, and 100% using one

(short run-length emphasis), two (short run-length

emphasis and D/L), and three features (short run-

length emphasis, D/L, and correlation), respec-

tively. Thereafter, the classification accuracy of

the classifier stabilised to 100% for higher number
Fig. 3. Three dimensional scatter diagram and decision surface

of the PNN classifier employing optimum 3-feature combina-

tion for discriminating high-risk (N) from low-risk (d) carotid

plaque lesions (misclassified patterns: M and �).
of features. A better understanding in the poten-
tiality of the classifier may be assessed from Fig.

5a–d, where the scatter diagrams of best classifier

performances using 1-, 2-, 3-, and 4-feature

combinations (D/L, correlation, entropy, and

short run-length emphasis) are displayed. The first

thing worth noting is that the dimensions of the

scatter diagrams are independent of the number

of features involved and depend solely on the
number of classes. This is achieved by means of

the LSM process. Accordingly, data are gath-

ered in a least-squares manner around two arbi-

trary pre-selected points corresponding to the

two classes (C1 ¼ ½1 0�T for echolucent and

C2 ¼ ½0 1�T for echogenic plaques, see vectors C k

in relation (3)). Another important observation is

that as the classes are dragged further apart in the
multidimensional features space by increasing the

number of features involved, that separation is

also clearly depicted on the two dimensional de-

cision space. This gradual transformation from



Fig. 5. Scatter diagrams displaying class separation and PNN–LSM3 classifier operation as the number of features increases from one

(a) to four features (d).
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non-separable into separable classes by increasing

the number of features from 1 to 4 may be clearly

observed in Fig. 5a–d, respectively. It is therefore
evident that in this decision space of separable

classes the classifier can operate with high preci-

sion.

Another important factor concerning the per-

formance of the PNN–LSM3 classifier is the degree

of the LSM process. Fig. 6 shows scatter diagrams

employing the best 4-feature combination (D/L,

correlation, entropy, and short run-length em-
phasis). In Fig. 6a, the LSM process includes the

first degree terms only (xi, i ¼ 1; 2; 3; 4). It is evi-
dent that there exists class overlapping and the

classifier gives an 83.9% precision. In Fig. 6b the

LSM process includes the first and second degree

terms (xi; x2i ; xixj; i; j ¼ 1; 2; 3; 4; i 6¼ j), class over-

lapping is less, and classification accuracy in-

creases to 92.2%. In Fig. 6c, the LSM process
comprises the first, second, and third degree terms

(xi;x2i ;xixj;x
3
i ;x

2
i xj;xix

2
j ;xixjxk;i;j;k¼1;2;3;4;i 6¼j 6¼k),
resulting in complete class separation and thus

rendering highest classifier performance (100%)

possible.
For comparison reasons, the proposed PNN–

LSM3 algorithm was tested against the statistical

Bayesian classifier. The latter achieved an overall

highest accuracy of 85.7%, employing the LOO

method and a 4-feature combination.

Regarding the best feature combination giving

highest precision, it is interesting to note that the

ratio D/L, the correlation, and the short run-
length emphasis are meaningful textural parame-

ters related to plaque structure. The ratio D/L

shows the prevalence of dense or lucent pixels

within the plaque, correlation is a measure of

gray-tone linear-dependencies in the plaque im-

age, and short run-length emphasis indicates the

existence of small structures in the plaque. In a

previous work (Arnold et al., 2001), textural fea-
tures from the co-occurrence matrix were em-

ployed on carotid plaque US images in analyzing



Fig. 6. Scatter diagrams demonstrating class separation and PNN–LSM classifier performance improvement for the first (PNN–

LSM1), second (PNN–LSM2), and third (PNN–LSM3) degree LSM process, employing best 4-feature combination (D/L, correlation,

entropy, and short run-length emphasis).
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plaque composition by multiple discriminant

analysis of variance with classification accuracy

ranging between 68% for haemorrhage and 100%

for calcium. In comparison, our work showed
high classification accuracy in distinguishing high-

risk (high lipid and/or haemorrhagic content)

from low-risk plaques (mostly calcium and/or fi-

brous tissue). This was achieved by using image

processing and powerful pattern recognition

methods.

In conclusion, the risk embolization associated

with carotid plaques has been assessed on US
images by means of image analysis and pattern

recognition methods. Textural features related to

the plaque�s structure have been determined, pro-

viding highest classification accuracy. An efficient

classification method was proposed, based on the

cubic LSM and on the PNN classifier, which was

found to outperform the PNN classifier. Finally,

the proposed system may be of value to patient
management as a second opinion tool, but it
should be tested on more data in a clinical envi-

ronment.
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