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Abstract—An SVM-based image analysis system was developed for assessing the malignancy risk of thyroid
nodules. Ultrasound images of 120 cytology confirmed thyroid nodules (78 low-risk and 42 high-risk of
malignancy) were manually segmented by a physician using a custom developed software in C��. From each
nodule, 40 textural features were automatically calculated and were used with the SVM algorithm in the design
of the image analysis system. Highest classification accuracy was 96.7%, misdiagnosing two high-risk and two
low-risk thyroid nodules. The proposed system may be of value to physicians as a second opinion tool for avoiding
unnecessary invasive procedures. (E-mail: tsantis@med.upatras.gr) © 2005 World Federation for Ultrasound
in Medicine & Biology.
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INTRODUCTION

The thyroid gland plays an important role in the control
of human metabolism, secreting vital hormones such as
thyroxine (T4) and triiodothyronine (T3) (van Herle et al.
1982). Thyroid nodules are swells that appear in the
thyroid gland and can be due to growth of thyroid cells
or a collection of fluid known as a cyst. They can become
large enough to press on nearby structures in the neck,
they can overproduce thyroid hormone (hyperthyroid-
ism) or they may be indicative of thyroid cancer (van
Herle et al. 1982). Various techniques have been intro-
duced for the detection and evaluation of thyroid nod-
ules, such as physical examination, cytologic examina-
tion, scintigraphy, ultrasonography, magnetic resonance
and computed tomography (Blum 1990).

High-resolution thyroid ultrasonography (US) is ex-
ceptionally sensitive in locating the size and number of
thyroid nodules (Stanley 1996). The sonographic find-
ings of the thyroid nodule are often employed as criteria
in assessing the risk factor of malignancy and are crucial
in patient management, i.e., whether to recommend sur-
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gical operation or not (Stanley 1996). Such criteria in-
clude echogenicity, absence of halo, calcifications, irreg-
ular margins and intra-nodular vascular patterns or spots
(Koike et al. 2001). However, estimation of the risk
factor involves the subjective evaluation of US images
by the physician and, thus, it depends upon the experi-
ence of the examiner. Previous US studies (Gimondo et
al. 1993; Marquee et al. 2000; McCaffrey 2000; Papini et
al. 2002; Peccin et al. 2002; Watters et al. 1992) on
thyroid nodules have reported different diagnostic accu-
racies in predicting malignancy based on the visual anal-
ysis of US images. It is evident that a quantitative as-
sessment of the thyroid nodule’s risk factor may be of
value in avoiding unnecessary invasive intervention.

Previous studies on quantitative methods for esti-
mating the risk associated with thyroid gland disease
mainly concern evaluation of parameters from the gray-
level histogram of the thyroid gland US image (Hirning
et al. 1989; Mailloux et al. 1986), several textural fea-
tures from gray-tone spatial-dependence matrices
(Müller et al. 1989) and the application of discriminant
analysis (Hirning et al. 1989; Müller et al. 1989). In those
studies, discrimination accuracies between benign and

malignant thyroid nodular lesions were 83.9% (Müller et
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al. 1989) and 85% (Hirning et al. 1989). The fact that
echogenicity and the existence of different structures
inside the thyroid nodule have been indicated as impor-
tant factors leading to thyroid malignancy (Gimondo et
al. 1993; Papini et al. 2002; Peccin et al. 2002; Watters
et al. 1992), combined with the lack of recent quantita-
tive studies in assessing the nature of thyroid nodules,
necessitates research to continue employing (1) US thy-
roid images of modern high resolution scanners and (2)
robust computer-based pattern recognition methods us-
ing state-of-the-art classification algorithms, for increas-
ing the classification accuracy of objective methods and
thus assisting physicians in the preoperative management
of patients.

In the present study, a computer-based image anal-
ysis system employing the support vector machine
(SVM) classifier (Burges 1998; Kecman 2001; Müller et
al. 2001; Platt 1999) was developed for the automatic
characterization of 120 verified thyroid nodules into two
main classes, high-risk and low-risk for malignancy (To-
mimori et al. 1999). The aim was the development of an
objective second opinion tool for avoiding unnecessary
thyroid nodule biopsies. For comparison reasons, the
classical quadratic least squares minimum distance
(QLSMD) (Ahmed and Rao 1975) and the quadratic
Bayesian (QB) (Gonzalez and Woods 1992) classifiers
were applied to the same data set. System evaluation was
performed by means of the leave-one-out methods
(LOO) (Theodoridis and Koutroubas 1999), and highest
classification accuracies were determined by means of
the exhaustive search method (Theodoridis and Koutrou-
bas 1999). Besides the LOO method, the resubstitution
method was also employed (all data were involved in the
design and evaluation of the classifier) so as to find the
upper and lower bounds of the classification error (The-
odoridis and Koutroubas 1999).

MATERIALS AND METHODS

US image data acquisition
The study comprised 120 ultrasonic images display-

ing thyroid nodules of 120 patients. All US examinations
were performed on an HDI-3000 ATL digital ultrasound
system (Philips Ultrasound, Bothel, WA, USA) with a
wide band (5 to 12 MHz) linear probe using various
scanning methods such as longitudinal, transversal and
sagittal cross sections of the thyroid gland. The data set
was acquired in the time interval from October 2003 to
September 2004. During ultrasound examinations the
“SmallPartTest” Philips protocol was used. All proto-
col’s settings remained constant throughout that period.
Time gain compensation setting had a linear increasing
gain compared to the depth. Magnification setting re-

mains at 1:1 except rare cases of very small nodules
(�1.5 cm), which were not included in the present study.
Dynamic range setting was relatively high (60 dB) to
exploit the high capability of contemporary US systems
to visualize US images with the maximum number of
gray tones. Thermical and mechanical indexes were set
at 0.2 and 0.9, respectively. Multiple focal lengths were
set at 1, 2 and 3 cm simultaneously.

Each US image was digitized by connecting the
video output of the ultrasound scanner to a Screen Ma-
chine II frame grabber using 768 � 576 � 8 image
resolution. Under real-time ultrasound guidance, all nod-
ules with size above 1.5 cm underwent fine needle (23-
gauge) aspiration biopsy. From various sites of the nod-
ules, 6 to 10 specimens were taken and smears were
placed in slides. Those slides were evaluated by two
experienced observers. Excluding the rare cases of typ-
ical neoplasm of the thyroid, both observers graded the
cases in two major categories: epithelial hyperplasia
which can be characterized as high risk (42 cases) due to
potential malignancy growth, thus leading to repeated
ultrasound and cytology examinations of the patient, and
in benign lesions (colloid nodules, 78 cases), in which
the follow-up examinations can be performed in long
time intervals. Retrospectively, the physician (N.D.) an-
alyzed the US characteristics of the corresponding ultra-
sound images of the two classes given by the cytologists
in accordance with Tomimori’s grading. The low risk
class mostly comprised iso-echoic or hyper-echoic solid
nodules with or without cystic change and coarse calci-
fication, while the majority of the high-risk class con-
tained hypo-echoic solid nodules with regular borders or
cystic nodules with solid components.

Data preprocessing
The boundary of each nodule was delineated by the

physician employing an easy-to-use interactive software
program implemented in C�� for the purposes of the
present study (Fig. 1). Data processing was performed on
a Pentium IV, 2.4 GHz computer. A number of textural
features were automatically calculated from the seg-
mented region of interest (ROI) of each thyroid nodule.
Textural features are related to the gray-tone structure of
the thyroid nodule as depicted on the ultrasound unit, and
carry information relevant to the risk factor of malig-
nancy. Four features were computed from the nodule’s
gray-tone histogram, 26 from the co-occurrence matrix
(Haralick et al. 1973) and 10 from the run-length matrix
(Galloway 1975).

Classification
For the purpose of the present study, three clas-

sifiers were designed, the support vector machine clas-
sifier and, for comparison reasons, the quadratic least

squares minimum distance and the quadratic Bayesian



extrac

SVM classifier for assessing thyroid nodule malignancy risk ● S. TSANTIS et al. 1453
classifiers. In the design of a classifier, features play
an important role that influences its final discrimina-
tory performance. Ideally, all features at hand (40)
should be employed, but since a number of them may
be redundant due to mutual correlations (Theodoridis
and Koutroubas 1999), an optimum number of them
had to be selected to achieve highest classification
accuracy. Choosing the best feature combination that
will maximize the performance of the classifier is a
necessary but time-consuming and computationally
demanding procedure. The method we followed (ex-
haustive search) involved designing the classifier by
means of every possible feature-combination (i.e., 2,
3, 4 feature combinations) and all thyroid data avail-
able, each time testing the classifier’s performance in
correctly classifying the thyroid data, and finally se-
lecting that feature combination that demonstrated the
highest classification accuracy with the smallest num-
ber of textural features. The exhaustive search method
was chosen instead of statistical methods such as
F-statistics because the latter could result in unreliable
error probability estimation (Theodoridis and
Koutroubas 1999), because of the small size of the
data set.

For the SVM-classifier employing the polynomial
kernel of third degree, best feature combination com-
prised the mean gray-level value of the thyroid ROI’s
histogram and the sum variance from the co-occurrence

Fig. 1. Interface of the custom-made software system
thyroid nodules and
matrix (Haralick et al. 1973).
The mean value was calculated by eqn 1:
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where I(x, y) is the gray-tone value at coordinates (x, y)
of the image matrix of dimensions Nx � Ny.

The sum variance was determined by eqn 2:
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where Ng is the number of distinct gray levels in the
image and px�y(k) is given by the following relation:
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where p(i, j) is the normalized entry of the co-occurrence
matrix averaged over the four directions (0°, 45°, 90°,
135°) (Haralick et al. 1973).

For both the QLSMD and QB classifiers, highest
classification accuracies were achieved by the feature
combination of the mean gray-level value in eqn 1, the
sum variance in eqn 2 and the run length nonuniformity
from the run length matrix (Galloway 1972). Run length

ed to read US images, segment by manual interaction
t specific features.
design
nonuniformity was determined by eqn 3.
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where Ng is the number of distinct gray levels in the
image, Nr is the number of different run lengths and p(i,
j) is the normalized entry of the run-length matrix, av-
eraged over the four directions (0°, 45°, 90°, 135°),
(Galloway 1972).

Support vector machine classifier
An SVM based classifier (see Appendix) is de-

signed to work for two class problems and can be applied
to linearly or nonlinearly separable data, with or without
class data overlap (Burges 1998). In the most difficult
case of nonlinearly separable and overlapped data, which
is often the case, data are first transformed from the input
space to a higher dimensionality feature space, where
classes are linearly separable. Then two parallel hyper-
planes are determined with maximum distance between
them and at the same time with minimum number of
training points in the area between them (also called the
margin). Finally, a third hyperplane through the middle
of the margin is defined, which is the decision boundary
of the two classes. The discriminant equation of the SVM
classifier may thus be defined as in eqn 4:

g(x) � sign��
i�1

Ns

�iyik(xi, x) � b� (4)

where ai are weight parameters, k(xi, x) is the kernel
function employed for the data transformation into the
linearly separable feature space, xi are the support vec-
tors (i.e., the training pattern vectors that have their
corresponding weights ai � 0), Ns is the number of
support vectors, x is the input pattern vector, b is the bias
or threshold and yi � {�1, �1}, depending on the class.

In the present work, the SVM classifier was de-
signed employing various polynomial kernels up to the
fourth degree and the radial basis function (RBF) kernel.
These kernel functions are described by the following
relations:

kPOLYNOMIAL(x1, x2) � ��x1
T x2� � 1�d, d � degree (5)

kRBF(x1, x2) � exp���x1 � x2�
2

2�2 �,
� � standard deviation (6)
Quadratic least squares minimum distance classifier
The QLSMD classifier (Ahmed and Rao 1975)

maps via a nonlinear transformation input the data set
into a decision space where each class is clustered
around a preselected point. The classification of a given
test point is based on its minimum distance from each
preselected point. For the QLSMD, the discriminant
function for class i and for pattern vector x is given by:
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where d is the number of features, �ij are weight ele-
ments, b is a threshold parameter and xj are the input
vector feature elements.

Quadratic Bayesian classifier
The Bayes decision theory develops a probabilistic

approach to pattern recognition, based on the statistical
nature of the generated features. The Bayes discriminant
function (Gonzalez and Woods 1992) for class i and for
pattern vector x is given by:

gi(x) � ln Pi �
1
2

ln�Ci��
1
2 �(x � mi)

TCi
�1(x � mi)	

(8)

where Pi is the probability of occurrence of class i, mi is
the mean feature vector of class i and Ci is the covariance
matrix of class i.

System performance evaluation
System evaluation was performed by means of the

leave-one-out method. Accordingly, each classifier was
designed employing its best feature combination deter-
mined in the classification paragraph and by all but one
thyroid-ROI feature vector. The latter was presented to
the input of the system to be classified as either high-risk

Table 1. Classification accuracies for various SVM kernels
using the leave-one-out and re-substitution methods, for the
“mean gray value–sum variance” best feature combination

SVM kernel

Classification accuracy

LOO� (%) Resub.* (%) Nsv**

Polynomial of 1st degree 89.2 93.3 17
Polynomial of 2nd degree 91.7 96.7 13
Polynomial of 3rd degree 96.7 98.3 12
Polynomial of 4th degree 94.2 99.2 15
RBF 94.2 97.5 15

� Leave-one-out method.
* Re-substitution method.

** Number of support vectors employed using the re-substitution

method.
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or low-risk. The process was repeated, each time leaving
a different thyroid-ROI out, until all data had been pro-
cessed. In this way, each classifier was evaluated by data
that were not involved in its design. It is evident, how-
ever, that the classifiers had to be redesigned each time a
thyroid-ROI was left out. This required a few hours of
computer processing time.

RESULTS AND DISCUSSION

We have developed a quantitative method by means
of an SVM based software classification system that
employed a large number of textural features from US
thyroid images for assessing the malignancy risk factor
of thyroid nodules.

Table 1 shows the results obtained by the SVM
classifier for different kernel functions. Results were

Fig. 2. “Sum variance” vs. “mean gray value” scatter dia

Table 2. Truth table of the SVM classifier employing the 3rd

degree polynomial kernel, and the “mean gray value–sum
variance” best feature combination

Verified thyroid
nodule classes

SVM classification (3rd Degree
polynomial kernel)

Low risk High risk
LOO� (resub.*)

accuracy

Low risk 76 (78) 2 (0) 97.4 (100)%
High risk 2 (2) 40 (40) 95.2 (95.2)%
Overall accuracy 96.7 (98.3)%

� Leave-one-out method.
* Re-substitution method.
points, the SVM classifier margins and the decision bounda
obtained by the leave-one-out method and by the resub-
stitution method. Maximum classification accuracy in
distinguishing low-risk from high-risk thyroid nodules
by the LOO method was 96.7% using the polynomial
kernel of third degree. It’s worth noting that the maxi-
mum classification accuracy corresponds to the mini-
mum number of support vectors involved in the design of
the SVM-classifier. The number of support vectors
among different kernel functions for the best feature
combination ranged between 10% and 14.2% of the
number of training points. The small number of support
vectors is indicative of the SVM manageable class sep-
arability.

Table 2 gives a detailed account of the SVM-third
degree polynomial kernel classification accuracies ob-
tained by the LOO and resubstitution methods, employ-
ing the mean gray-level value and sum variance features

isplaying the low-risk and high-risk thyroid nodule data

Table 3. Truth table of the QLSMD classifier employing the
“mean gray value–sum variance–run length nonuniformity”

best feature combination

Verified thyroid
nodule classes

QLSMD classification

Low risk High risk
LOO� (resub.*)

accuracy

Low risk 74 (76) 4 (2) 94.9 (97.4)%
High risk 5 (2) 37 (40) 88.1 (95.2)%
Overall accuracy 92.5 (96.7)%

� Leave-one-out method.
* Re-substitution method.
gram d

ry employing the polynomial kernel of third degree.
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combination. Seventy-six of the low-risk thyroid nodules
were correctly classified while two nodules were incor-
rectly assigned to the high-risk class, giving a classifi-
cation accuracy of 97.4% by the LOO method. In the
case of the high-risk thyroid nodules, 40 were assigned to
the correct class while only two were wrongly classified
to the low-risk class, scoring 95.2% class discrimination
accuracy. Overall, the SVM achieved 96.7% precision in
distinguishing correctly low-risk from high-risk thyroid
nodules. Figure 2 shows a scatter diagram of the mean
gray-level value against sum variance, the class margins
and the decision boundary drawn by the SVM-third
degree polynomial kernel classifier. The best features
combination employed (mean gray-level value and sum
variance) are related to the textural parameters visually
evaluated by physicians in assessing the thyroid nodule’s

Fig. 3. “Sum variance”, “mean gray value” and “run leng

Table 4. Truth table of the QB classifier employing the
“mean gray value–sum variance–run length nonuniformity”

best feature combination

Verified thyroid
nodule classes

QB classification

Low risk High risk
LOO� (resub.*)

accuracy

Low risk 73 (73) 5 (5) 93.6 (93.6)%
High risk 4 (0) 38 (42) 90.5 (100.0)%
Overall accuracy 92.5 (95.8)%

� Leave-one-out method.
* Re-substitution method.
high-risk thyroid nodule data points and the
risk factor (Gimondo et al. 1993; Papini et al. 2002;
Peccin et al. 2002; Watters et al. 1992). The mean
gray-value is closely associated with the echogenicity of
the nodule and the sum variance feature expresses useful
spatial information inside the nodule linked to the exis-
tence of various structures within the nodule. Features of
relative nature (upper 10% gray-level histogram distri-
bution and entropy) have also been indicated in previous
quantitative studies (Hirning et al. 1989) to play an
important role in thyroid nodule malignancy assessment,
scoring an overall of 85% classification accuracy. Simi-
lar accuracies (83.9%) were also obtained in another
quantitative study employing discriminant analysis of
thyroid nodules (Müller et al. 1989). The higher discrim-
inatory precision achieved in the present study was most
probably due to the improved resolution of the US im-
ages and to the nonlinear nature of the highly sophisti-
cated SVM algorithm employed. This precision dropped
when the classical QLSMD and QB classifiers were
employed as shown in Tables 3 and 4, respectively.

Table 3 is the truth table giving the classification
performance of the QLSMD classifier using the best
feature combination found in the classification paragraph
(mean gray-level value, sum variance, and run length
nonuniformity). Seventy-four of the low-risk and 37 of
the high-risk thyroid nodules were correctly classified
using the LOO method, resulting in group classification
accuracies of 94.9% and 88.1%, respectively, and overall
precision of 92.5%. Similarly, Table 4 presents the re-
sults obtained by the QB classifier. Although the QB

uniformity” scatter diagram, displaying the low-risk and
th non

QLSMD classifier decision boundary.
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overall accuracy (92.5%) was similar to that obtained by
the QLSMD classifier, the corresponding group accura-
cies differed to 93.6 and 90.5% for the low-risk and
high-risk thyroid nodules, respectively. These differ-
ences are insignificant and may be attributed to differ-
ences in the nature of the algorithms. The third feature
employed (run length nonuniformity) by both classifiers
signifies the existence of structures of different sizes
within the thyroid nodule, which is related to the optical
criteria employed by physicians in assessing the nodule’s
risk factor for malignancy (Gimondo et al. 1993; Papini
et al. 2002; Peccin et al. 2002; Watters et al. 1992).
Figures 3 and 4 show 3-D scatter diagrams of the mean
gray-level value, sum variance and run length nonuni-
formity, as well the decision boundaries drawn by the
QLSMD and QB classifiers respectively.

Comparing the SVM with the other two classical
classifiers, it is evident that the latter had to employ an
extra feature to enhance their performance; however,
without reaching the SVM’s precision. This is indicative
of the effectiveness of the SVM. The penalty, however,
that had to be paid for employing the SVM algorithm
was much higher processing time during classifier design
(training). We have tackled the above problem by suit-
ably distributing computer processing to different work-
stations and by using the resubstitution method to find
well-behaved feature combinations with high classifica-
tion accuracies and small numbers of support vectors
(i.e., leading to separable classes) before system evalua-

Fig. 4. “Sum variance”, “mean gray value” and “run leng
high-risk thyroid nodule data points
tion by the LOO method.
In conclusion, an efficient classification system was
designed, based on the SVM algorithm, for assessing the
malignancy risk factor of thyroid nodules from their US
images. This system could be a useful diagnostic tool by
providing a second opinion to the physician and, thus, it
may be of value to patient management in avoiding
unnecessary invasive procedures.
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APPENDIX

The support vector machines classifier
A classifier based on support vector machines (SVM) (Kecman

2001; Müller et al. 2001) is a general classifier that it can be applied to
linearly as well to nonlinearly separable data, with or without overlap
between the classes.

In the most general case of overlapped and nonlinearly separable
data, the problem is (a) to transform the training patterns from the in-
put space to a feature space with higher dimensionality
�x � Rd � 	�x� � Rh� where the classes become linearly separable,
and (b) find two parallel hyperplanes with maximum distance between
them and at the same time with minimum number of training points in the
area between them (also called the margin).

The separating hyperplanes in the transformed feature space are
defined by eqn 1:

w · 	(x) � b � 
1 (1)

where �1 is referred to class 1, –1 is referred to class 2, x if the pattern
vector, w is the normal vector to the hyperplanes, and b the bias or
threshold which describes the distance of the decision hyperplane from
the origin (that is equal to b/�w�).

The discriminant function is given by:

g(x) � sign(w · 	(x) � b) (2)

The parameters w and b are calculated as follows:
d
Let N training pattern vectors xi � R , i � 1 . . . N (where d is

the number of features) belonging to two classes identified by the label
yi � {–1, �1}. The conditions for the hyperplanes may take the
following mathematical formulation:

(i) minimize the number of training pattern vectors that lie
between the two hyperplanes, so:

yi(w · 	(xi) � b) � �i � 1 (3)

where �i � 0, i � 1 . . . N are real nonnegative slack-variables.
(ii) the distance between the two hyperplanes (which is equal to

2/�w�) must be maximized, so 1

2
�w� must be minimized.

The above conditions lead to minimizing 1

2
�w�2 � �C�i subject

to (3), where C is a positive constant that reflects a trade-off between
the classification errors and the size of the margin. Introducing La-
grangian multipliers �i, 
i, i � 1 . . . N, the Lagrangian is given by:

LP

1

2
�w�2 � C �

i�1

N

�i � �
i�1

N

�i(yi(w · 	(xi) � b) � �i � 1) � �
i�1

N


i�i (4)

The problem is now to maximize LP subject to
�LP

�b
� 0,

�LP

�w
� 0

and
�LP

��i
� 0 (with �i, 
i � 0). These constraints give respectively:

�
i�1

N

�iyi � 0 (5)

w � �
i�1

N

�iyi	(xi) (6)

and

C � �i � 
i (7)

The equation 7, in combining with �i, 
i � 0, results that 0 � �i

� C.
Substituting eqns 5, 6 and 7 in relation with eqn 4, we take the

dual variables Lagrangian LD:

LD � �
i�1

N

�i �
1

2 �
i,j�1

N

�i�jyiyj	(xi) · 	(xj) (8)

By use of a kernel function, that it can replace the inner product
�(xi) · �(xj) in the higher dimensional feature space, the dual Lagrang-
ian LD can take the form of (9):

LD � �
i�1

N

�i �
1

2 �
i,j�1

N

�i�jyiyjk(xi, xj) (9)

A function can be used as a kernel function if it satisfies the following
Mercer’s condition:

Any symmetric function k(x, y) in the input space is equivalent to
an inner product in the feature space, if 

k�x, y�g�x�g�y�dxdy � 0, for
any function g(x) for which 
g2�x�dx � �.

Using eqns 2, 6 and 9, it may be seen that �i and 
i have
vanished, so the discriminant function of the SVM classifier may be
written as:

g(x) � sign��
i�1

NS

�iyik(xi, x) � b� (10)

where Ns is the number of pattern vectors (also called the support

vectors) with nonzero �i’s.

Combining the eqns 1, 6 and 9, the threshold b may be found as:
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b �
1

NS
�
j�1

NS �yj � �
i�1

N

�iyik(xi, xj)� (11)

and the coefficients �i are obtained by solving the “dual” problem, which
is maximization of LD (eqn 9) subject to eqn 5, with 0 � �i � C.

Functions that are commonly used as kernels are:
i) The linear kernel:

k(xi, xj) � xixj (12a)

ii) The polynomial kernel:

k(xi, xj) � (xixj � �)d (12b)
where d is the degree of the polynomial and � an offset parameter,
iii) The Gaussian radial basis kernel:

k(xi, xj) � exp��(xi � xJ)
T(xi � xJ)

2�2 � (12c)

where � is the standard deviation.
iv) The sigmoidal kernel:

k(xi, xj) � tanh(�(xixj) � �) (12d)

where � the gain and � the offset.
v) The inverse multiquadric kernel:

k(x, y) � ((xi � xj)
T(xi � xj) � c2)�1⁄2 (12e)
where c a nonnegative real number.
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