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O Swakekpuevog kabnyntng fepaotpog A. ABavaocoUAng tg ZxoAng Naumnywv Mnxavo-
ASywv Mnxavikwv tou EBvikoU MetooBiou MoAutexveiou Ba dwoel tnv Tetdptn 24 louviou
2015 81aAe€n oto Texvoloyiko Exkmatdeutiko 16pupa (T.E.l.) tTng ABrAvag oxetika pe Bépata
™N¢ MPoodATNG EPEUVAC TOU.

H mapouciaon autr eival ota mAaiola ThG CUMUETOXAC TOU OTNV KUPLOL EPEUVNTIKI opada
TOU TIPOYPAUUATOG HE TITAO «YSpoeAdaoTikr) amokpLon UEYAAWY MAWTWY KATAOKEUWV Kol
OWUATWY YeVIKOU oxnuato¢ o€ meptBallov uetaBoaAdouevne 3D Baduuetpioc» TOU
«APXIMHAHZ IlI» (Yrmoépyo 29, HydELFS) kot o€ ocuvepyaoia pe to Epyaoctripio E@appo-
ouévnc Mnxawvikng tou TEI Tng ABrvag.
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Y&pauAikig tng 2xoAng TexvoAoykwv Edpappoywv tou TEI tng ABrRvag (Ktiplo K10) pe titho:

Variational formulation of the Nonlinear Water-Wave Problem over arbitrary
smooth bathymetry. Thoeretical background and numerical solution.

Zuvtoun meplypadr Tou mepLEXopEVOU TNG SLdAeEng Tou Kabnyntn Mep. ABavaocouAn kabwg
Kot 06nyieg mpooPacng oto TEl tng ABrivag kot To Xwpo tne¢ Slale€nc emtouvantovrat otnv
napouoa MPOcKAnaon.
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Water waves, also called surface gravity waves, abound in the natural environment and their study is
of central importance for coastal engineering, oceanography, ship and marine engineering, and
offshore structures. The mathematical modelling of water waves is highly demanding since, even
under the simplifying assumptions that the flow is inviscid and irrotational, the problem remains
nonlinear and nonlocal, due to the free-surface conditions. The nonlocality of the problem, closely
related with the dispersive character of water waves, comes from the fact that surface waves propagate

in two horizontal dimensions, say X,, X, , although the hydrodynamic problem is three dimensional,
involving the vertical coordinate, z, as well.

We consider here the problem of nonlinear, irrotational, water waves propagating over an arbitrary
bathymetry, without any simplification concerning the shape (slope) of the free-surface elevation
z=n(X,t) and the seabed surface z=—h(x). The incoming wave may be any nonlinear

progressive wave system which has been generated in the incident region (e.g., an exact solution of the
nonlinear problem over an horizontal seabed). The dynamical evolution of the nonlinear wave field
and its interaction with the bathymetry is studied variationally, using an unconditional Variational
Principle (LUKE 1967) which is reduced to Hamilton’s Principle under the restriction on kinematics.
The unconditional character of LUKE’s Principle leaves us ample freedom regarding the
representation of the wave potential ® (X, z,t), which is a crucial point in constructing an efficient

system of dynamical equations. To be more specific, while keeping full generality, the unknown wave
potential is represented by a convergent, infinite series of the form

OOzt =Y e (X 1) Zy(2in(x,1),h(x)), )

where the vertical functions Z, are explicitly prescribed functions of the vertical coordinate z and
the local values of the free-surface elevation 77(Xx;t) and water depth h(x), and the horizontal
functions @, (X ;t) are unknown (to be determined) modal amplitudes. The key idea, dictating the

structure of the series expansion (1), developed by Athanassoulis and Belibassakis in a series of papers
[see, e.g., (AB-1999), (AB-2000), (AB-2007), (BA-2011)], is the enhancement of the convergence
properties by using two unconventional modal fields (n = — 2, —1), ensuring convergence up to and

including the boundaries of the flow field, for any (smooth) surfaces 77 (X ;t) and h(X) . The vertical
functions

{Z.(zin(x,1),h(x)), n=-2,-1,0,1,2,..} = {Z,(2) , n > -2}
are constructing so that to provide Riesz bases for the Sobolev spaces H 2[— h(x), n(x,t)] for

each vertical interval [ — h(x), 7(x,t)]. The estimates

|20()] = 0(1) and [g,(i)] = 0(n"*). @
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(proven under the assumption that there exists a classical solution) ensure that the series expansion (1)
is rapidly convergent, and can be integrated and differentiated term-by-term up to and including the
boundaries, at least two times, validating the analytical treatment of the variational study of the
problem (which follows).

Representation (1), in conjunction with the Variational Principle, leads to a semi-discretized problem
(Kantorovich-type dimensional reduction), governed by an infinite system of variational equations

with respect to the free-surface elevation 77 (X ;t) and the modal amplitudes ¢, (X,t), n > — 2.

Further study of the structure of the variational equations reveals that they can be recast as two
nonlinear, evolution, dynamical equations, with respect to the surface fields 77(x;t) and v (Xx,t) =

Z R (x,t), which are not closed on their own, plus an infinite set of linear, spatial-partial

differential equations (not including time differentiation), with respect to ¢,(x,t), n > —2,

which provide the closure condition (implemented by means of the field ¢_,(X,t)) to the two

dynamical equations, at each time t. The relation of the present (exact) equations with various
existing (approximate) model equations, such as mild-slope models or Boussinesg-type models, is
discussed.

Numerical schemes have been developed for solving the two subproblems arising in our Hamiltonian
reformulation of the nonlinear water-wave problem:

a) The infinite (truncated) system of time-independent, spatial-partial differential equations in
the horizontal subspace (the substrate problem), and
b) The two Hamiltonian evolution equations (the evolution problem).

The substrate problem is numerically solved (after truncation to 3+M equations, which corresponds to
keeping -2, -1, the propagating and M evanescent modes in the vertical series expansion (1)) by using
4™-order, central, finite-differences. The evolution problem is numerically solved by using the classic
Runge-Kutta method. Systematic numerical investigation confirms the numerical convergence in
general, and its (theoretical) rate (2) in particular. The approach is validated by means of detailed
comparisons of the computed wave field with experimental results (physical measurements) for the
case of the classical Beji-Battjes (BB-1993) experiment.
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